We consider the problem of coloring the vertices of a graph so that no maximal clique of size at least two is monocolored. We solve the following question: Given a ÿxed graph F, does there exist an integer f(F) such that the hypergraph of maximal cliques of any F-free graph can be f(F)-colored? We show that the answer is positive if and only if all components of F are paths. In that case we give an estimate of f(F), and the proof contains a polynomial time algorithm to ÿnd such a coloring.
Introduction
A hypergraph is a pair H = (V; E) where V is the set of vertices of H and E is a family of non-empty subsets of V called edges. A k-coloring of H = (V; E) is a mapping c : V → {1; 2; : : : ; k} such that for all e ∈ E with |e| ¿ 2 there exist u; v ∈ e with c(u) = c(v), that is, there is no monocolored edge of size at least two. The chromatic number (H) of H is the smallest k such that H has a k-coloring.
Here we consider hypergraphs arising from graphs: for a given graph G = (V; E), the clique-hypergraph of G is the hypergraph H(G) = (V; E) whose vertices are the vertices of G and whose edges are the maximal cliques of G. (A subset K ⊆ V is a clique of G if any two vertices of K are adjacent; K is a maximal clique if it is not properly contained in another clique.) The coloring problem of such hypergraphs, henceforth "clique-hypergraph coloring problem", was recently studied in [1, 4] .
For a given graph F, a graph G is F-free if it does not contain an induced subgraph isomorphic to F. Remark that if G is triangle-free then H(G)=G. For ÿxed k ¿ 3, the problem of deciding if a graph is k-colorable is NP-complete even when it is restricted to the class of triangle-free graphs [5] ; hence the clique-hypergraph coloring problem is NP-complete too. In this note we answer the following question:
What choices of F guarantee that there exists an integer f(F) such that for every
Whenever F is a graph for which there exists such an integer, we will reserve the notation f(F) for the smallest such integer.
GyÃ arfÃ as [3] proposed an analogue of this question for the usual graph coloring problem: he conjectured that if F is a forest, there exists an integer f(F; !) such that every F-free graph with maximum clique size ! is f(F; !)-colorable, and proved it in special cases.
We let P k denote the path on k vertices.
is not k-colorable for some k ¿ 2 then every vertex of G is the extremity of an induced path P k+2 .
An immediate consequence is Corollary 1.2. Every P k+2 -free graph G with k ¿ 2 satisÿes (H(G)) 6 k.
Let cc(F) be the number of connected components of F. Corollary 1.3. There exists an integer f(F) such that for every F-free graph G the hypergraph H(G) is f(F)-colorable if and only if F is a vertex-disjoint union of paths. Moreover, in that case we have
Using Theorem 1.1 and an application of the clique-hypergraph coloring problem to the usual graph coloring mentioned in [4] , we can improve a result due to GyÃ arfÃ as [3] as follows. Let (G) be the largest integer such that G has an induced P (G) , and !(G) the size of a maximum clique in G. GyÃ arfÃ as [3] proved that G is (G) !(G)−1 -colorable. We prove
Proofs
For any vertex v in a graph G = (V; E) we let N (v) denote the set of all neighbors of v and
Proof of Theorem 1.1. We may assume that G is connected. We prove the theorem by induction on k.
First, assume k = 2 and let v be any vertex of G which is not the extremity of a P 4 . Assign color 1 to every vertex of {v} ∪ M (v) and color 2 to every vertex of N (v). We claim that this is a proper 2-coloring of H(G). Indeed, in the opposite case there exists a monocolored maximal clique Q of G.
Since G is connected, there exists a vertex u ∈ N (v) that is adjacent to some vertex of C. Observe that u is not adjacent to all of C, since Q is a maximal clique. So there exist adjacent vertices x; y ∈ C such that u is adjacent to x and misses y; then vuxy is an induced P 4 , a contradiction. Now assume k ¿ 3 and let v be any vertex of G. For each connected component
by the induction hypothesis the subgraph G[C ∪ {u C }] contains a P k+1 starting at u C ; thus adding v to that path we obtain a P k+2 of G starting at v. So suppose that Proof of Corollary 1.3. First suppose that F contains a cycle, of length k ¿ 3. For any arbitrarily large integer i let G i be a graph of chromatic number i and such that the shortest cycle in G i has length at least k + 1; the existence of such graphs was proved by Erdős and Hajnal [2] . Clearly, G i is F-free; moreover, since G i is triangle-free, H(G) is isomorphic to G and so (H(G)) = (G) = i. This shows that there exists no integer f(F) such that (H(G)) 6 f(F) would hold for every F-free graph G. Now we can assume that F contains no cycle, that is, F is a disjoint union of trees (a forest).
Assume cc(F) − 1 + |V (F)| 6 3. So |V (F)| 6 3. Suppose that |V (F)| 6 2. Then it is easy to see that every F-free graph G must be a disjoint union of cliques, and thus H(G) is 2-colorable. Suppose that |V (F)| = 3. Note that F is connected, for otherwise we would have cc(F) − 1 + |V (F)| ¿ 3. Since F has no cycle, it must be that F = P 3 .
Then each connected component of G is a clique, and H(G) is 2-colorable. So if |V (F)| 6 2 or F = P 3 we have f(F) 6 2. Now we may assume that cc(F) − 1 + |V (F)| ¿ 4. Suppose that F contains a K 1;s with s ¿ 3. Consider the Ramsey number R(q), which is the smaller integer such that every q-coloring of the edges of the complete graph K R(q) induces at least one monocolored triangle. As observed in [1] , the line-graph L of K R(q) satisÿes (H(L)) ¿ q: indeed, every triangle of K R(q) induces a maximal clique of L, and in any q-coloring of the vertices of L at least one such triangle is monocolored by the Ramsey argument. Since L (as any line-graph) is K 1; 3 -free, L is a fortiori F-free, and so there cannot exist an integer f(F) such that (H(G)) 6 f(F) for every F-free graph G. Now, F contains no cycle and no K 1; 3 , that is, F is a disjoint union of paths. Write k = |V (F)| + cc(F) − 3, so that F is an induced subgraph of the path P k+2 . Then, every F-free graph G is P k+2 -free, and H(G) is k-colorable by Corollary 1.2. This shows that f(F) 6 |V (F)| + cc(F) − 3 holds whenever |V (F)| ¿ 2 and F = =P 3 .
Proof of Corollary 1.4. This proof is made by induction on |V (G)|. Since we are assuming (G) ¿ 3, the smallest applicable graph is G = P 3 , for which the result holds trivially. Now assume |V (G)| ¿ 4. Note that !(G) ¿ 2. By Corollary 1.2, H(G) admits a ( (G) − 1)-coloring. Let V 1 ; : : : ; V (G)−1 be such a coloring, and let G i be the subgraph induced by V i (i = 1; : : : ; (G) − 1). By the deÿnition of a coloring, each G i contains no maximal clique of G, and in particular no clique of maximum size. Thus !(G i ) ¡ !(G). By the induction hypothesis, each G i admits a coloring i using ( (
We can now obtain a ( (G) − 1) !(G)−1 -coloring of G from the colorings i of all the G i 's, using disjoint sets of colors for any two distinct G i 's.
Exact values

Corollary 1.3 gives an upper bound on f(F).
Finding the exact value of f(F) in general seems di cult. In Table 1 below we give this value for small F's; here an "extremal graph" is an F-free graph G such that H(G) is f(F)-colorable and not (f(F) − 1)-colorable. We let S k denote the edgeless graph on k vertices.
Proof. Let G be a P 2 + 2P 1 -free graph, S be a stable set of maximum cardinality of G and x be a ÿxed element of S. If |S| 6 2, then G is S 3 -free and thus H(G) is 3-colorable [1] . Suppose |S| ¿ 3. Assign color 1 to all vertices of S, color 2 to all of M (x) − S and color 3 to the rest. It is easy to see that every vertex in M (x) − S is adjacent to all of S − x (for otherwise G would contain P 2 + 2P 1 ); thus this coloring is a 3-coloring of H(G). Proof. Let G be a P k + P 1 -free graph and x be a ÿxed vertex of G. Proof. Let G = (V; E) be a P 3 + 2P 1 -free graph and S = {x 1 ; : : : ; x s } be a stable set of maximum cardinality in G. If s 6 3, G is S 4 -free and thus H(G) is 3-colorable [1] . Now assume s ¿ 4. For i = 1; : : : ; s, put X i = {x ∈ V − S|N (x) ∩ S = x i }, Y i = {x ∈ V − S|N (x) ∩ S = S − x i }, and A = {x ∈ V − S|N (x) ∩ S = S}. Using the P 3 + 2P 1 -freeness, it is easy to check that {S; X 1 ; : : : ; X s ; Y 1 ; : : : ; Y s ; A} is a partition of V , and that there is no edge between any two X i 's. Now assign color 1 to all vertices of S, color 2 to all of X 2 ∪ · · · ∪ X s ∪ Y 1 , and color 3 to X 1 ∪ Y 2 ∪ · · · ∪ Y s ∪ A. It is easy to check that this gives a 3-coloring of H(G).
We do not know the exact value of f(P k ) for k ¿ 7. It may be that the inequality f(P k ) 6 k − 2, given by Corollary 1.2 is not tight.
